We consider the class of pentagonal 3-polytopal graphs all of whose edges are incident either with two 3-valent vertices or with a 3-valent vertex and a q-valent vertex. For most values of q, (i) we find a small non-hamiltonian graph in the class and (ii) we show that the shortness exponent of the class and the shortness coefficient of a special subclass are less than one. For q--4, we find a positive lower bound for the shortness coefficient.
Introduction
In this paper we consider 3-connected planar graphs, this is, graphs of convex
3-polytopes (see [-1]). For a graph G let v(G) denote the number of vertices and h(G)
the length of a maximum cycle. For an infinite class of graphs c~, the shortness exponent, a(N) or ~r, and the shortness coefficient, p((~) or p, are defined as in [3] by ~r(~) = lim inf log h(G)
h(G)
p(c~) = lim inf --Let 5ok(r, p, q), where r < q and k = 3, 4 or 5, denote the class of 3-connected regular k-valent planar graphs with edges of types (k,k; r, p) and (k, k; p, q) only. Shortness parameters for the classes 5°3(5, 5, q) were studied in [14, 8] . Let 5o*(r, p, q) denote the class of duals of graphs in 5ok (r,p,q) . Shortness parameters for the classes 5o~'(r,p, q) have been considered recently [7] in the cases k = 3, 4. The present paper concerns the remaining case k = 5. Since 5o*(r, p, q) is non-empty only if r =p = 3, we use a simpler notation.
Let ~(q) denote the class of all pentagonal 3-polytopal graphs all of whose edges are incident with either two 3-valent vertices or a 3-valent vertex and a q-valent vertex, where q/> 4. Thus ~(q) = 50* (3, 3, q) .
Let cg(4) denote the class of cyclically 4-connected graphs, that is, graphs which cannot be split into components each containing a cycle by deleting fewer than four vertices.
We prove two theorems, the second of which contains our main results. There are only a few non-trivial lower bounds for shortness parameters in the literature but Theorem 1.2(i) is a result of this type.
Theorem 1.1. There is a non-hamiltonian 9raph Go=Go(q) in ~(q) with only v(Go)
vertices where,
v(Go)= 128, h(Go)= 126 when q=6. When q = 3k, k >1 3, the 9raph Go is minimum.
Theorem 1.2. (i) p(~(4))~>-~.
(ii) p(~(q)nCg(4))< l for q=6 and for all q>>,8. (iii) g(~(q))~<(log ll/log 13)for q=9 and for all q>~ 12.
For distinct vertices x and y of a graph G, P(x, y) denotes on xy-path.
Some configurations and their properties
Let ~b denote the planar configuration shown in Fig. 1 . It is the graph of the dodecahedron minus the edge AB. When 4) occurs as a subgraph of a graph G, it will be joined to the remainder of G only through the vertices X, A, Y, B. We call these the linkino vertices of q~; other vertices of q~ are called interior vertices. Let G-~b denote the subgraph of G obtained by deleting all interior vertices of ~b and then deleting any linking vertices of 4~ whose valencies have been thereby reduced to 1.
Let G be a graph which contains a copy of 4~ and let C be a cycle in G which contains edges of both 4) and G -q~. After allowing for symmetry and omitting trivial 
types P(X, Y) and P(A,B) in 4), but every path P(A, X) or pair of paths P(A, X)uP(B, Y) misses at least one interior vertex of 4).
The proof is easy and is therefore omitted. Let 4)1 = 4) and, for r >~ 2, let 4)r be the planar configuration obtained from 4),_ 1 and 4) as follows. Identify the linking vertices X, Y of 4),_ 1 with those of 4), join the vertex B of 4),_ 1 to the vertex A of 4) by an extra edge and then delete the labels from these two vertices. The construction is illustrated in Fig. 2 . Here, and in later diagrams, a configuration is represented by a polygon (4-gon or triangle) whose vertices represent the linking vertices, while a broken line joining two vertices indicates that 
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It is easy to prove that there is no graph in ~(q) with exactly one q-valent vertex (see for example [1] ). If q = 3k and there are two 3k-valent vertices, as in Go(3k), then Euler's polyhedral formula determines v3, the number of 3-valent vertices. In fact
(ii) Define Go(3k+l) as shown in Fig. 4 , in which the two vertices V are to be identified and the letters X,A, Y, B indicate the required orientations of the four sub-configurations (see Fig. 2 ). One sub-configuration is just a copy of q~ but is denoted by 4)' for later reference. 
where, for any x, x' = rain { 1, x} ~< x. Hence
m(Go)>~6k + 2-(a+c +f +i)-(b+d+g+j)-l-m-n-p.
Each of the numbers a + c +f+ i, b + d + g +j, l, m, n and p is 0, 1 or 2. However, the portions of C which lie in the four sub-configurations have to be joined to form a single cycle and this is only possible if at least two of the edges e are in C. Hence l+m+n+p<~6 and m(Go)>~6k-8. Since re(Go)>0, Go is non-hamiltonian. A simple calculation gives v(Go) = 54k-16, so h(Go)<~48k-8.
(iii) Let Go(3k-1) be as shown in Fig. 5 where, as in Fig. 4 , the two vertices Vare to be identified and ~b' is just a copy of q~. In this case,
>~6k-2-(a + c)-(b + d)-(p + f )-(g + i)-(j + t)-(m + n)
>~6k-14. Without loss of generality, either P1Q1 or PIQ4 is not in C. We consider the latter possibility; the other case is similar. Since P1 is in C but P1Q4 is not, P1Qa is in C. The next edge of C after P1QI must lie in ~b" since otherwise, by Lemma 2.1(i), C cannot span ~b". Moreover, by Lemma 2.1 (ii), C c~q~" = P(Q1, Q s). It follows that Q 1 P2 is not in C so, as P2 is in C, P2Q2 is in C. More reasoning of this sort enables us to conclude that, in Fig. 6 , all dark edges are in C, all marked edges are not in C and all copies of except ~b' are spanned by C in paths of type P(X, Y).
The portion of C thus constructed forms a path P(QT, Qs). When we extend this path at its ends we find that C must miss either P5 or P6 and also either Pv or P8. This contradicts the hypothesis that C misses at most one vertex of Go. Hence re(Go) >/2. To show that re(G0)=2, note that the path P(QT, Qs), the edges QsP6 and PhQ6, a path P(X, Y) spanning q~' and edges QsPa and PsQ7 together form a cycle in G that contains all vertices except P5 and PT. By a simple calculation v(Go)= 128, so h(Go)= 126.
This completes the proof of Theorem 1.1. Note that, in all four cases, Go is cyclically 4-connected.
Proof of Theorem 1.2(i)
The following lemma provides the main part of the proof. Let C be a maximum cycle in a graph Ge~(4) and let deg(v) denote the valency of any vertex v in G.
Lemma 4.1. Every vertex of G-C is adjacent to a vertex of C.
Proof. By contradiction. If the lemma is false there is a vertex x at distance 2 from C and a minimum path xyz joining x to C. Consider the configuration formed by this path and the other edges incident at y and z in a plane diagram of G. Let uz and zw be the edges of C incident at z.
Suppose first that G has a face xyzwv (that is, a face bounded by the 5-cycle xyzwv). Since v is adjacent to x, v¢C and so zw~zyxvw (that is, replacing the edge of zw of C by the path zyxvw) extends C. This is impossible since C is maximum and hence G has no face xyzwv. Similarly, G has no face xyzuv. Hence, and since no two 4-valent vertices of G are adjacent, either deg(y)=4 or deg(y)= 3, deg(z)= 4. Without loss of generality G has faces wzytq and xytrs. Since s is adjacent to x, s¢C. Also tr(sC since otherwise tr~tyxsr extends C.
The following idea is used several times:
(,) If G has face abcde such that a, b6C and cd~C, then de¢C, eeC,
At least one of q and t is in C, otherwise zw~zytqw extends C. There are two cases. 
v(G)<.h(G)+~ h(G)x 1+~ h(G)x 2=~ h(G).
It follows that p(~'(4))/> z, as stated in the theorem.
Proof of Theorem 1.2(ii)
We start with a lemma. Lemma 5.1. Let Go be a non-hamiltonian graph in the class ~(q)nCg(4) that contains I copies of dp, where I>~ 3. Suppose that re(Go-~b')>O for some particular copy Ca' of dp. Then 
1-2 Now h(G,)= v( G ,) -m( G ,), v(O)= v(Go), v(05)= 20 and, since Go-05' is a sub-configuration of 0, m(O)>Jm(Go-05').
Hence
To apply the lemma, we take Go to be as defined in the proof of Theorem 1.1 and 05' to be as shown in Figs. 4 and 5 or 6, except in case (i) where qS' can be any copy of 05 in Go. In each case we state the value of l, obtain a positive lower bound for m(Go-05') and simplify the upper bound for p given by the lemma.
(i) q=3k, k>~3. Here l=k and Go--05'=05 k 1-By Lemma 2.2, m(Go-05')= max{2k-6, 1} so
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(ii) q=3k+l, k~>3. From Fig. 4 , l=3k--1. It can be shown that m(Go-05')>~ 6k-10. The proof is similar to that of Theorem 1.1(ii) but the assertion that two edges e are in C is replaced by the fact that every cycle which enters and leaves Go-4)' contains at least two edges outside Go -05' incident with its linking vertices. We obtain the inequality (3k-3)(3k-4) p~<l 9(3k_2)2 , k~>3. suppose that at most one interior vertex is missed by a path (or a disjoint pair of paths) between linking vertices of Go --~b' and to obtain a contradiction. Even after allowing for symmetry there are several cases to be considered, according to the location of the vertex missed. The reasoning is similar to that in the proof of Theorem 1.1 (iv) and we omit the repetitive details. In this case, we obtain 2 p~<l 135'
Proof of Theorem 1.2(iii)
The configurations q~, are used again here, although Lemmas 2.1 and 2.2 are not needed. In addition, we require the configuration ct shown in Fig. 7 . It is the graph of the dodecahedron minus one vertex. Its three linking vertices are the 2-valent vertices A, B, C, which are equally spaced at distance 3 apart on the boundary of the exterior face.
The graph K shown in Fig. 8 has twelve vertices and we shall call them black At each black vertex, one (q-6)-valent vertex and three 2-valent vertices are identified, so each black vertex is q-valent. Each face of Ho that is not inside a copy of or fl is bounded by three edges of a copy of ~ and two edges of a copy of ft. Thus all faces of Ho are 5-gons and Ho is in ~(q). Note that Ho is not cyclically 4-connected since copies of ~ are attached at only three vertices to the rest of Ho.
If we delete the 12 black vertices from Ho, a graph with 14 components remains. It follows that Ho is non-hamiltonian and, in fact, that every cycle in Ho misses all interior vertices of at least 14-2 = 2 copies of ~ or ft.
Define ~=Ho--a, the configuration which remains when any one copy of ~ is deleted from Ho (but leaving its linking vertices). Map ~b in a new way into the plane so that its linking vertices are on the exterior face. These vertices have valency q-2 and are equally spaced at distance 2 apart round the boundary.
If we delete a 3-valent vertex v from a graph G in ~(q) and insert ~ as shown in Fig. 9 , then, provided that there are no q-valent vertices within distance 3 from v, the new graph is also in ~(q). Moreover, ~ has 12 black vertices, three of which are its linking vertices, so every path in ~ between two of its linking vertices contains edges of at most 11 of the 13 copies of ~ and/3 in ~.
We define an infinite sequence (H,) of graphs in ~(q), starting with the graph Ho already defined, as follows. For n/> 1, let H, be the graph obtained from H,_ 1 by inserting a copy of ~ in place of a vertex v once in each copy of ~ or ft. In ~ we can choose v as shown in Fig. 7 . In/3 we choose first any one of its sub-configurations of type ~b and then choose v in that copy of 4) as shown in Fig. 1 .
There are 14 × 13" copies of~ or/3 in H, but no cycle in H, contains edges of more than 12×11" of them. Since ~ has 16 interior vertices and /3 has more, The proof so far covers only the case q = 3k, k >~ 3. For other values of q we define /3 differently. Suitable forms of/3 when q = 3k + 1, k >~ 4 and when q = 3k-1, k ~> 5 are shown in Figs. 10 and 11 . It is easy to check that in both cases fl has two (q-6)-valent and two 2-valent linking vertices and that these occur alternately, and at distance 2 apart, round the boundary. Since these properties are the same as for/3(3k), the
